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Wkh hohfwurpdjqhwlf wkhru| ri glhohfwulf dqg pdjqhwlf phgld ghdov zlwk pdfurvfrslf hohfwulf dqg pdjqhwlf �hogv/
ehfdxvh wkh plfurvfrslf ghwdlov ri wkhvh �hogv duh xvxdoo| h{shulphqwdoo| luuhohydqw +zlwk fhuwdlq qrwdeoh h{fhswlrqv
vxfk dv vfdqqlqj wxqqholqj plfurvfrs|,1 Wkh pdfurvfrslf �hogv duh wkh dyhudjh ri wkh plfurvfrslf �hogv ryhu d
plfurvfrslfdoo| odujh exw pdfurvfrslfdoo| vpdoo uhjlrq14>5 Wklv dyhudjlqj uhjlrq lv riwhq fkrvhq wr eh vskhulfdo/ ghqrwhg
khuh dv

H �
6

7�U6

]
Y

gu3 H+u3,> +4,

zkhuh Y lv d vskhuh ri udglxv U fhqwhuhg dw u +zlwk d vlplodu gh�qlwlrq iru E,1 U lv d glvwdqfh zklfk lv pdfurvfrslfdoo|
vpdoo exw qrqhwkhohvv odujh hqrxjk wr hqforvh pdq| dwrpv1 Wkh pdfurvfrslf H dqg E �hogv rewdlqhg e| dyhudjlqj
ryhu d vskhuh h{klelw surshuwlhv zklfk suryh xvhixo lq fhuwdlq dujxphqwv dqg ghulydwlrqv1 Wkhvh surshuwlhv duh dv
iroorzv=6>7

41 li doo wkh vrxufhv ri wkh H0�hog duh rxwvlgh wkh vskhuh/ wkhq H lv htxdo wr wkh hohfwulf �hog dw wkh fhqwhu ri wkh
vskhuh/

51 li doo wkh vrxufhv ri wkh H0�hog duh lqvlgh wkh vskhuh/ H @ �s@+7��3U
6,/ zkhuh s lv wkh glsroh prphqw ri wkh

vrxufhv zlwk uhvshfw wr wkh fhqwhu ri wkh vskhuh/

61 li doo wkh vrxufhv ri wkh E0�hog duh rxwvlgh wkh vskhuh/ wkhq E lv htxdo wr wkh pdjqhwlf �hog dw wkh fhqwhu ri wkh
vskhuh/

71 li doo wkh vrxufhv ri wkh E0�hog duh lqvlgh wkh vskhuh/ E @ �3p@+5�U6,/ zkhuh p lv wkh pdjqhwlf glsroh prphqw
ri wkh vrxufhv1

Wkhvh uhvxowv fdq eh ghulyhg lq d ydulhw| ri zd|v1 Iru h{dpsoh/ Jul�wkv6 ghulyhv surshuwlhv 4 dqg 5 xvlqj d
frpelqdwlrq ri uhvxowv iurp Frxorpe*v odz dqg Jdxvv* odz/ dqg surshuwlhv 6 dqg 7 e| zulwlqj grzq wkh E0�hog lq
whupv ri wkh yhfwru srwhqwldo lq wkh Frxorpe jdxjh/ dqg h{solflwo| hydoxdwlqj dqjxodu lqwhjudov18 Wkh sxusrvh ri
wklv qrwh lv wr ghvfuleh d uhodwlyho| vlpsoh ghulydwlrq ri doo irxu uhvxowv/ edvhg rq wkh zhoo0nqrzq phdq0ydoxh wkhruhp
wkhruhp +ghvfulehg lq prvw wh{werrnv rq hohfwurpdjqhwlf wkhru|,= li d vfdodu srwhqwldo �+u, vdwlv�hv Odsodfh*v htxdwlrq
lq d vskhuh/ wkhq wkh dyhudjh ri � ryhu wkh vxuidfh ri wkh vskhuh lv htxdo wr � dw wkh fhqwhu ri wkh vskhuh>9>: wkdw lv/
li u5� @ 3 lq d vskhulfdo uhjlrq ri udglxv u3 fhqwhuhg dw u/ wkhq
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zkhuh  lv wkh vrolg dqjoh uhodwlyh wr u dqg aq lv wkh xqlw yhfwru srlqwlqj lq wkh gluhfwlrq ri 1
Wdnlqj wkh judglhqw u ri erwk vlghv ri Ht1 +5, zlwk uhvshfw wr u/ zh lpphgldwho| rewdlq
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wkdw lv/ li u �H @ 3 lqvlgh d vskhuh/ wkh dyhudjh ri H ryhu wkh vxuidfh ri wkh vskhuh lv htxdo wr wkh H dw wkh fhqwhu ri
vskhuh1 Ht1 +6, lv wkh edvlv ri wkh ghulydwlrq ri wkh irxu surshuwlhv olvwhg deryh1 Wr vlpsoli| wkh qrwdwlrq/ khqfhiruwk
lq wklv qrwh lw lv dvvxphg wkdw Y lv d vskhuh ri udglxv U dqg lv fhqwhuhg dw wkh ruljlq 31

41 Hohfwulf �hog zlwk vrxufhv rxwvlgh vskhuh

Zkhq doo wkh vwdwlf fkdujh vrxufhv duh rxwvlgh Y/ H @ �u� dqg u �H @ 3 lqvlgh Y dqg khqfh Ht1 +6, lv ydolg1 Zh
vkdoo qrz vhh wkdw surshuw| 4 iroorzv txlwh wulyldoo| dv d vshfldo fdvh ri Ht1 +6, ^dqg khqfh ri Ht1 +5,`1
Wkh dyhudjh ri H ryhu Y fdq eh zulwwhq dv zhljkwhg lqwhjudo ri wkh dyhudjh ri H ryhu vxuidfhv ri vskhuhv zlwk udglxv

u3 ? U fhqwhuhg dw 3/
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Xvlqj Ht1 +6, lq Ht1 +7, lpphgldwho| |lhogv surshuw| 4/
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51 Hohfwulf �hog zlwk vrxufhv lqvlgh vskhuh

Iru fodulw| zh �uvw suryh surshuw| 5 iru d vlqjoh srlqw fkdujh lqvlgh wkh vskhuh1 Wkh jhqhudo uhvxow fdq eh lqihuuhg
iurp wkh vlqjoh srlqw fkdujh uhvxow xvlqj wkh vxshusrvlwlrq sulqflsoh/ exw iru frpsohwhqhvv zh jhqhudol}h wkh surri iru
d frqwlqxrxv fkdujh glvwulexwlrq1
Xwlol}lqj wkh yhfwru lghqwlw|5>;
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� gd> +9,

zkhuh V lv wkh vxuidfh ri Y / wkh dyhudjh ri wkh hohfwulf �hog ryhu Y fhqwhuhg dw 3 fdq eh zulwwhq dv7

H @ �
6

7�U6

]
Y

u�+u, gu @ �
6

7�U6

]
V

� gd= +:,

Ht1 +:, lpsolhv wkh dyhudjh H lv ghwhuplqhg frpsohwho| e| wkh srwhqwldo rq wkh vxuidfh V1
Zh qrz xvh d zhoo0nqrzq uhvxow iurp wkh phwkrg ri lpdjhv vroxwlrq iru wkh srwhqwldo ri d srlqw fkdujh qh{w wr d

frqgxfwlqj vskhuh= wkh srwhqwldo rq wkh vxuidfh V iru d fkdujh t dw u lqvlgh wkh vskhuh lv uhsurgxfhg h{dfwo| e| dq
lpdjh fkdujh t3 @ Ut@g dw u3 @ +U5@u, au rxwvlgh wkh vskhuh +au lv d xqlw yhfwru,1 Ht1 +:, wkhuhiruh lpsolhv wkdw wkh H
iru d srlqw fkdujh t dw u lv h{dfwo| htxdo wr wkdw ri dq lpdjh srlqw fkdujh t3 dw +U5@u, au1 Exw vlqfh wkh lpdjh fkdujh
lv rxwvlgh wkh vskhuh/ zh fdq xvh surshuw| 4 wr ghwhuplqh H/
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zkhuh s @ tu lv wkh glsroh prphqw iru d vlqjoh srlqw fkdujh1
Jhqhudol}dwlrq wr frqwlqxrxv fkdujh glvwulexwlrqv ~ Dvvxph wkh fkdujh glvwulexwlrq lqvlgh wkh vskhulfdo yroxph Y lv

�+u,1 D yroxph hohphqw gY dw u lqvlgh Y frqwdlqv fkdujh gt @ �+u,gY 1 Wkh lpdjh fkdujh hohphqw rxwvlgh wkh vskhuh
zklfk jlyhv wkh vdph dyhudjh hohfwulf �hog dv gt lv gt3 @ �3+u3,gY 3 @ gt U@u dw u3 @ +U5@u, au1 Dv lq wkh glvfuhwh fdvh/
wkh frqwulexwlrq ri gt wr wkh dyhudjh H0�hog lq Y lv htxdo wr wkh hohfwulf �hog dw wkh ruljlq gxh wr gt3/

gH @ gHlpdjh+3, @ �
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Wkh dyhudjhg hohfwulf �hog gxh wr doo fkdujhv lq wkh vskhuh Y lv wkhuhiruh
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zkhuh s @
U
Y
gY u �+u, lv wkh glsroh prphqw zlwk uhvshfw wr wkh ruljlq ri doo wkh fkdujhv lq Y1

61 Pdjqhwlf �hog zlwk vrxufhv rxwvlgh wkh vskhuh

Zkhq pdjqhwlf �hog vrxufhv duh devhqw lq Y / erwk u � E @ 3 dqg u � E @ 3/ dqg khqfh E @ �u!P zkhuh
u5!P @ 3 lqvlgh wkh vskhuh1 Wkhuhiruh/ wkh vdph ghulydwlrq iru surshuw| 4 krogv khuh> wkdw lv/ wkh dyhudjh ri wkh
E0�hog ryhu d vskhuh lv htxdo wr lwv ydoxh dw wkh fhqwhu ri wkh vskhuh1

71 Pdjqhwlf �hog iru vrxufhv lqvlgh wkh vskhuh ~

Xvlqj wkh yhfwru srwhqwldo ghvfulswlrq ri wkh pdjqhwlf �hog/ E @ u � D/ wkh dyhudjh ryhu wkh vskhuh Y fdq eh
zulwwhq dv7
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Wkh vhfrqg htxdolw| lq wkh deryh htxdwlrq lv d yhfwru lghqwlw|1; Wklv htxdwlrq vkrzv wkdw/ dv lq wkh fdvh ri wkh H0�hog
dqg wkh vfdodu srwhqwldo/ wkh dyhudjh E0�hog ryhu dq| yroxph Y fdq eh frpsxwhg iurp D rq wkh vxuidfh ri Y 1
Zh qrz frqvlghu wkh frqwulexwlrq wr E ri fxuuhqw hohphqw M+u, gY lqvlgh Y 1 Zh fdq gr wklv e| ghwhuplqlqj wkh

lpdjh fxuuhqw hohphqw rxwvlgh wkh vskhuh wkdw h{dfwo| uhsurgxfhv wkh yhfwru srwhqwldo gxh wr M+u,gY rq wkh vxuidfh
ri wkh vskhuh1 Zh fkrrvh wkh Frxorpe jdxjh
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Dl+u, @
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g{> +45,

zkhuh l ghqrwhv vsdwldo frpsrqhqw1 Vlqfh Dl lv uhodwhg wr Ml lq wkh vdph zd| dv wkh hohfwulf srwhqwldo � lv wr wkh
fkdujh ghqvlw| �/ wkh phwkrg ri hohfwurvwdwlf lpdjhv fdq dovr eh xvhg khuh wr ghwhuplqh wkh lpdjh fxuuhqw hohphqw1
Wkh surri ri surshuw| 7 surfhhgv dqdorjrxvo| wr wkdw ri surshuw| 51 Iru M+u,gY lqvlgh wkh vskhuh Y / D rq wkh

vxuidfh V lv uhsurgxfhg e| dq lpdjh fxuuhqw hohphqw M3+u3,gY 3 @ +U@u,M+u,gY / zkhuh u3 @ +U5@u,au1 Vlqfh wkh lpdjh
fxuuhqw lv rxwvlgh wkh vskhuh/ zh fdq xvh surshuw| 61 Wkxv/ wkh M+u, gY frqwulexwlrq wr wkh dyhudjh E0�hog lq Y lv
htxdo wr wkh E0�hog dw wkh fhqwhu gxh wr M3+u3,gY 3><
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u� M+u, gY= +46,

Wkh frqwulexwlrq iru wkh hqwluh fxuuhqw glvwulexwlrq lq Y lv wkhuhiruh

E @
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zkhuh p @ 4
5

U
Y
gY u� M+u, lv pdjqhwlf prphqw ri d fxuuhqw glvwulexwlrq lq Y1

Ilqdoo|/ qrwh wkdw vlplodu dujxphqwv krog iru fkdujh glvwulexwlrqv zklfk duh frqvwdqw dorqj wkh }0gluhfwlrq/ vlqfh
wkh srwhqwldov iru wkhvh vdwlvi| Odsodfh*v htxdwlrq lq wzr glphqvlrqv/ dqg wkh phwkrg ri lpdjhv lv dovr dssolfdeoh iru
olqh fkdujhv1

Dfnqrzohgjhphqw

Xvhixo fruuhvsrqghqfh zlwk Suri1 Gdylg Jul�wkv lv judwhixoo| dfnqrzohgjhg1
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